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Abstract

Given a quantum Hamiltonian of point particles and angular momenta, we give a procedure to define a correspond
classical dynamics with essentially classical content, around which the quantum dynamics can be expanded. The m
the quantum overlap of coherent states, evolved with the semiclassical Hamiltonian, naturally introduces a classical dis
tween classical phase points. Using this fact we analytically show that the time rate of change (trc) of two neighboring
trajectories is directly proportional to the trc of quantum correlations. Coherence loss and nonlocality effects appear as corr
tions to semiclassical dynamics and we show that they can be perturbatively given in terms of classical trajectories a
alized actions. We apply the results to the nonintegrable (classically chaotic) version of theN-atom Jaynes–Cummings mode
 2004 Elsevier B.V. All rights reserved.
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1. Introduction

Ever since the conception of quantum mechan
the classical limit has been a matter of much deb
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due to the profound contrasting differences betw
the classical and quantum descriptions of the wo
Although the difficulties in building a bridge betwee
quantum and classical mechanics are well known,
start by reviewing the ones which are of relevance
the present contribution. As far as kinematical diff
ences are concerned, already at the level of a p
particle, striking differences appear. While the defi
ition of the state of a classical particle is of local ch
.
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acter and given by a point in phase space, the q
tum counterpart of the definition of a particle state
given by a vector in Hilbert space which cannot sim
taneously be ascribed a well defined value for posi
and momentum. The closer one can get to the cla
cal situation are minimum uncertainty wave packe
Quantum states are therefore usually nonlocal. A
the linear character of the Hilbert space has the im
mediate consequence that superposition of (minim
uncertainty) states are also possible states and, in
constitute the vast majority of allowed quantum sta
The situation gets even cloudier when two degree
freedom are involved: classically one can always
scribe a two particle state in terms of the coordina
and momenta of each one of them. Quantum mech
cally, however, this situation only holds if the two pa
ticles, initially in a factorized state, do not interact. T
Hilbert space structure allows for states which can
be written as a direct product of vectors in the in
vidual Hilbert spaces of each degree of freedom. T
essentially quantum property is usually named en
glement. Much investigation and progress both on
theoretical and experimental sides have been achi
recently[1].

From the dynamical point of view one of the e
sential differences has given rise to an important
search area nowadays: classical chaos, a phenom
whose root lies on the nonlinearity of Newton’s equ
tion. The relevant question here is how to identify t
quantum counterpart of classical chaos. A major s
in this direction was given by Bohigas and collabo
tors who conjectured that spectral properties of in
grable and nonintegrable systems should be very
ferent [2]. Thereafter many numerical investigatio
confirmed such conjecture and a few exceptions w
found. From the analytical point of view a most re
evant formula was derived by Gutzwiller connecti
level densities of very general quantum systems w
classical periodic orbits and their actions[3]. In what
concerns the connections between classical and q
tum dynamics, quantum corrections, in the sense
a h̄ expansion, have been studied for nonautonom
single mode bosonic systems[4] and for nonresonan
N -atom Jaynes–Cummings model[5]. The growth of
the quantum corrections is identified with a transit
from “regular” to “stochastic” behavior in these sy
tems. Also it has recently been proposed by Zurek
the rate of entropy production can be used as an
,

n

-

trinsically quantum test of the chaotic vs. regular n
ture of the evolution[6]. Several numerical tests o
this conjecture can also be found[7,8]. Anyway, an-
alytic results in this context are scarce. As a con
bution of the present Letter to this theme, we giv
recipe to construct a semiclassical dynamics (SC
for systems composed of both point particle and
gular momenta, for initial coherent states, and sh
that the quantum corrections to the SCD are per
batively given in terms of the classical trajectories a
generalized actions. Since the SCD depends on the
tial state, the (semiclassical) overlap between initia
close coherent states, in contradistinction with the
act dynamics, varies in time. Thus, the high sensitiv
to the initial conditions of classically chaotic system
is reflected in the change of the semiclassical ove
modulus, a natural measure of distance between st
and in the production rate of quantum corrections
the overlap.

Our Letter is divided as follows. InSections 2 and
3 we present a procedure to find the semiclass
Hamiltonian (SCH), and a perturbative scheme aro
it, respectively. InSection 4the overlap sensitivity to
initial conditions is discussed. Finally, inSection 5, the
maser is used as an example.

2. Zeroth order approximation: semiclassical
approximation (SCA) and classical limit

The general strategy is as follows. We consi
a system ofm point particles andn angular mo-
menta,H , and a product state composed ofm coher-
ent states andn spin coherent states, as initial stat
Linear combinations are not allowed as initial con
tions (this circumvents problems with the superpo
tion principle). The expectation value of the syste
Hamiltonian in this product state corresponds to
classical Hamiltonian. Then, we define the SCHH sc,
such that (i) preserve the product of coherent sta
and (ii) generate Heisenberg equations that are sim
to the classical equations and, when averaged, c
cide with them.

The procedure to find the semiclassical dynam
that we expose here, is also viable for initial quant
states that are localized, even if not strictly cohere
The semiclassical dynamics will not be, however,
easy as in the present case, and the corrections
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look different. For initial delocalized and/or entangl
state the present approach is unsuitable, becau
is aimed at the identification of the separation
quantum and classical dynamics, provided that
initial state is to some extent “classical”.

For the sake of clearness we shortly review so
facts concerning coherent states.

The minimum uncertainty coherent states|z〉 are
defined by|z(t)〉 =D(z(t))|R〉 with

(1)D
(
z(t)

) =
{

exp
[
z(t)a† − z∗(t)a

]
,

exp
[atan|z(t)|

|z(t)|
(
z(t)J+ − z∗(t)J−

)]
,

for point particles and angular momenta (spins)
spectively, where the operatorsa†, a are the usual cre
ation and destruction operators, andJ+, J− the angu-
lar momentum ladder operators. The minimum unc
tainty property of the so-called fiducial state|R〉, the
Fock state|0〉 for the point particle and theJ z eigen-
state|J,−J 〉 for the angular momentum, is inherite
to the coherent states. The point particle and the a
lar momentum operators obey the following comm
tation relations[
a,a†] = 1, [J z,J±] = ±J±,

(2)[J+,J−] = 2J z.

If the Hamiltonian is of the form

(3)H HO(t) = a0(t)a
†a + a+(t)a† + a−(t)a,

(4)H RM(t) = a0(t)J z + a+(t)J+ + a−(t)J −,

respectively, for a point particle, and an angu
momentum, an initial coherent state remains cohe
through evolution, besides a phase factor. In(3)
and (4) the subindices HO and RM correspond
typical representatives: the harmonic oscillator a
rotating molecule. At this point it is important t
mention that the harmonic oscillator Hamiltonian c
be generalized with little effort, to include terms
a2, (a†)2 but the extra terms give rise to nonlocal
effects (squeezing dynamics) already at this low
order which we would like to avoid.

We say that a Hamiltonian is linear if it is linear
the operatorsa†a, a†, a, J+, J−, andJ z, which
we call the semiclassical generators; otherwise
refer to it as a nonlinear Hamiltonian. Even if w
choose a coherent state as initial condition, if
Hamiltonian is nonlinear, the dynamics will modify
t
and the state will no longer be coherent. We exp
our method by considering a nonlinear Hamilton
for a point particle, for an angular momentum, a
for a system composed of two degrees of freed
for example, one particle and one angular moment
The generalization to several degrees of freedom w
arbitrary nonlinearities is straightforward.

2.1. Nonlinear point particle Hamiltonian

The classical HamiltonianH(z, z∗) corresponding
to a quantum HamiltonianH ,

(5)H
(
z, z∗) = 〈z|H (

a,a†,a†a
)|z〉,

can be written as a function of the expectation v
ues z, z∗, and |z|2 of the semiclassical generato
a, a†, a†a in the coherent state|z〉,

(6)H
(
z, z∗) =K

(
z, z∗, |z|2).

The classical HamiltonianK is unique if the quantum
Hamiltonian admit a Taylor expansion in the semicl
sical generators, as we implicitly assume. The us
classical equation of motion

(7)
dz

dt
= 1

ih̄

∂H(z, z∗)
∂z∗ ,

in terms of the classical HamiltonianH, can be recas
as

(8)
dz

dt
= 1

ih̄

(
∂K(z, z∗, |z|2)

∂z∗ + ∂K(z, z∗, |z|2)
∂|z|2 z

)

in terms of the HamiltonianK. We stress that th
classical and the quantum evolution give differe
values for the observables in the sense that

(9)z(t) �= 〈
z(0)

∣∣a(t)
∣∣z(0)

〉
.

However, if we compare the classical dynamics w
the one provided by thesemiclassical Hamiltonian
HHO(t),

(10)
da

dt
= 1

ih̄

(
a+(t) + a0(t)a

)
,

we see that they have the same structure. Analog
similarities can be found between the semiclass
equations fora, a†a and the classical equation
for z∗, |z|2, respectively. Moreover, the averag
semiclassical equations of motion coincide with
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classical ones if the SCH is chosen as

(11)H HO(t) = ∂K
∂|z|2a†a + ∂K

∂z∗ a† + ∂K
∂z

a.

2.2. Nonlinear angular momentum Hamiltonian

As in the previous subsection, the classical Ham
tonianH(z, z∗) is the expectation value of the qua
tum HamiltonianH , in the correspondingspin coher-
ent states, and can be written in terms of the expe
tion values of the semiclassical generators,

〈z|J−(+)|z〉 = 2J
z(∗)

1+ |z|2 = J−(+),

(12)〈z|J z|z〉 = −J
1− |z|2
1+ |z|2 = Jz.

The classical equation of motion forz,

(13)
dz

dt
= 1

ih̄

1+ |z|2
2J

∂H(z, z∗)
∂z∗ ,

and the equation forz∗, can be used to find th
dynamics for J−(+) and Jz. As before, we can
define a HamiltonianK(J−,J+,Jz) =H(z, z∗). The
equation of motion forJz, which can finally be written
as

(14)
dJz

dt
= 1

ih̄

(
∂K
∂J+

J+ − ∂K
∂J−

J−
)

exhibits a structure similar to equation of motion f
J z, provided by the SCHHRM(t),

(15)
dJ z

dt
= 1

ih̄

(
a+(t)J+ − a−(t)J −

)
.

Analogous similarities can be found between the se
classical equations forJ±, and the classical equation
for J±. Moreover, the averaged semiclassical eq
tions of motion coincide with the classical ones if t
SCH is chosen as

(16)H RM(t) = ∂K
∂Jz

J z + ∂K
∂J+

J+ + ∂K
∂J−

J−.

This form is adequate for the point of view of th
structure. However, for the sole purpose of calculat
the SCH, it is easier to use the expression

H RM(t) = 1+ |z|2
2J

((
∂H
∂z∗ z∗ + ∂H

∂z
z

)
J z

(17)+ ∂H
∂z∗ J+ + ∂H

∂z
J−

)
.

2.3. Bilinear Hamiltonian

In this subsection we restrict ourselves to the st
of the Hermitian bilinear Hamiltonian (for two degre
of freedom)

(18)H =
∑

i

αiAi +
∑
j

βjBj +
∑
i,j

γi,jAiBj ,

where i, j = 0,±, Ai and Bj are the semiclassica
generators of either the harmonic oscillator or the
tating molecule: the index 0 is associated with
operatora†a (J z), the index+ with the operator
a† (J+) and the index− with the operatora (J−).
This class of systems encompasses a rich variet
dynamical behavior ranging from the exactly solva
case of two linearly coupled harmonic oscillators
e.g., the model we shall use for illustration which cla
sical limit is chaotic. In this case, the classical Ham
tonianH(x, x∗, y, y∗) is the expectation value of th
quantum HamiltonianH , in the product of coheren
states|x〉, |y〉 for the first and the second degrees
freedom, respectively. It can be written in terms of
expectation values of the semiclassical generator
K(Ai ,Bj ). By comparing the classical and semicla
sical dynamics, as in the previous subsections, we
up with the SCHH sc,

H sc=
∑

i

αiAi +
∑
j

βjBj

(19)+
∑
i,j

γi,j (AiBj +BjAi ),

which is, as in the previous cases of the form

(20)H sc=
∑

i

(
∂K
∂Ai

Ai + ∂K
∂Bi

B i

)
.

In the particular case of two linearly coupled harmo
oscillators the SCD already provide for the ex
solution.

3. Quantum corrections

The rest of this manuscript, in which we seth̄ = 1,
will be focused on bilinear Hamiltonian. For th
application of the present formalism to point partic
nonlinear Hamiltonian, see Ref.[9]. If we start with a
coherent state|x(0)〉 ⊗ |y(0)〉, the SCD will yield at a
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(21)
∣∣ψ(t)

〉 = exp
(
iη(t)

)∣∣x(t)
〉 ⊗ ∣∣y(t)

〉
,

where the coherent states|x(t)〉 and |y(t)〉 are the
same as in the classical case, and the phaseη(t) is
given by

(22)η̇(t) = 〈
x(t), y(t)

∣∣(i∂t − H sc(t)
)∣∣x(t), y(t)

〉
.

This type of phase, which correspond to a (gene
ized) action, is of course absent from the class
limit, but is crucial for the quantum corrections (se
for example,Eqs. (26) and (31)).

Now we turn to the corrections to the SCA. T
exact Schrödinger equation for the whole system (w
the tilde indicating the Schrödinger picture)

i∂t

∣∣ψ̃(t)
〉 = (

H sc(t) + �̃(t)
)∣∣ψ̃(t)

〉
,

where�̃(t) = H − H sc(t), can be written in the SCA
interaction picture (SCAIP) as (the absence of the t
indicating the SCAIP)

i∂t

∣∣ψ(t)
〉 = �(t)

∣∣ψ(t)
〉

(23)

=
∑
i,j

γi,j

(
Ai (t) −Ai (t)

)
× (

Bj (t) −Bj (t)
)∣∣ψ(t)

〉
,

up to time dependent terms that give rise to a glo
phase. Here the operatorsAi (t), Bj (t) have evolved
with the evolution operatorŪ(t,0) of the SCA.
Eq. (23)possesses a formal expansion

|ψt 〉 =
(

1− i

t∫
0

dt1 �t1

(24)−
t∫

0

dt1

t1∫
0

dt2 �(t1)�(t2) + · · ·
)

|I 〉,

where|I 〉 is the initial state|x(0), y(0)〉.
Let us see that all the terms in this expans

are readily written in terms of classical quantitie
For example, up to terms of order�2, the state of
the system is a superposition of the initial state a
the state|D〉, which sometimes is called a doorwa
state[10],

(25)
∣∣ψ(t)

〉 ≈ |I 〉 − iC(t)|D〉,
whereC(t) is a function to be defined below. In th
present case the doorway state,

|D〉 = N
(
1− ∣∣x(0)

〉〈
x(0)

∣∣)
⊗ (

1− ∣∣y(0)
〉〈
y(0)

∣∣)H ∣∣x(0)
〉 ⊗ ∣∣y(0)

〉
,

with N a normalization factor, is aproduct of gener-
alized coherent states given by the action of the
herent displacement operator on new reference st
the Fock state withn = 1, in the case of point parti
cles, and the state|J,−J + 1〉 in the case of angu
lar momenta. We introduce the notation|x1〉 for these
states, and|x2〉, |x3〉, . . . for the coherent states co
responding to the references states Fock staten = 2,

n = 3, . . . or angular momentum along thez-axis
−J + 2,−J + 3, . . . .

The doorway amplitude in|ψ(t)〉 (Eq. (25)) is
given by

C(t) =
t∫

0

dt1 c(t1)

(26)

=
t∫

0

dt1 σei(S00−S11)(t1,0)

×
∑
i,j

γi,j g
A
i+

(
x(t1)

)
gB

j+
(
y(t1)

)
,

where σ = √〈RA |A−A+|RA〉〈RB|B−B+|RB〉, and
|RA〉 (|RB〉) is the reference state of the degree
freedom A (B). It is evident thatC(t) is a func-
tion of classical trajectories only. The correspon
ing actions areS00(t,0) = ∫ t

0 dτ η(τ ) and S11(t) =∫ t

0 dτ 〈x1(τ ), y1(τ )|(i∂τ −H sc(τ ))|x1(τ ), y1(τ )〉. Ob-
serve that the subindices of the actions are relate
the reference states of the degrees of freedom A an

From the expression of the first correction to t
state, we immediately seethat it already introduce
all of the effects we avoided at the semiclassical le
superposition of states, nonlocality and entanglem

In order to get the first order result we ma
use of the following identity which relays on th
group structure of the semiclassical generators of
harmonic oscillator and the rotating molecule. In fa
it is this relation which enables one to express
order corrections in terms of classical trajectories
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(27)AiD(x) =D(x)

(∑
k

gA
i,k(x)Ak + kA

i (x)

)
,

wheregi,k(x) are functions ofx specific to each on
of the groups in question. Similar relations hold f
the degree of freedom B. It is clear that the remain
corrections can also be written in terms of class
trajectories (and actions), but their quantum cont
will not be as transparent as in the leading correct
In fact, the second correction can be written as hav
a term proportional to the initial coherent state,
also terms proportional to generalized coherent st
|x0, y1〉, |x1, y0〉, and |x2, y2〉, and their respective
classical actions.

4. Sensitivity to initial conditions: a formal
nonperturbative result

Classically one of the basic ingredients to defi
chaos is the high sensitivity to initial condition
A formalization of this condition is heavily base
on the notion of distance between trajectories.
establishing a quantum counterpart of this condit
it is important to introduce a quantum measure
distance between states. A natural measure is g
by the square modulus of the scalar product.2 In
what concerns our SCA, the squared modulus of
scalar product between different states of the mani
allows for a direct association of the distance betw
states with distances between phase space traject
since|〈z1|z2〉|2 is given by

(28)




exp
(−|z1 − z2|2

)
for point particles,(

1− |z1−z2|2
(1+|z1|2)(1+|z2|2)

)2J

for angular momenta.

The important quantum tool which allows us to inve
tigate the sensitivity to initial conditions of the qua
tum dynamics and eventually make connection to
well-known classical limit is the overlap between tw

2 Some proposals have been made related to scalar pro
of wavefunction evolved from different Hamiltonian (not differe
wavefunctions). See A. Peres, Phys. Rev. A 30 (1984) 16
R.A. Jalabert, H.M. Patawski, Phys. Rev. Lett. 86 (2001) 2490.
,

time dependent states, which evolved from differ
initial conditions. It is well known that for unitary evo
lutions the scalar product is conserved in time. O
serve that different initial states correspond todiffer-
ent SCAs, since the SCA is state dependent, du
self consistency. Thus the scalar product between
different initial states is to be written as〈
x ′(0), y ′(0)

∣∣x(0), y(0)
〉

= 〈
x ′(t), y ′(t)

∣∣x(t), y(t)
〉

+ 〈
x ′(t), y ′(t)

∣∣(δ′
QC(t)

)†∣∣x(t), y(t)
〉

+ 〈
x ′(t), y ′(t)

∣∣δQC(t)
∣∣x(t), y(t)

〉
(29)+ 〈

x ′(t), y ′(t)
∣∣(δ′

QC(t)
)†

δQC(t)
∣∣x(t), y(t)

〉
,

where we have writtenU(t), the exact quantum tim
evolution operator as̄U(′)(t)(1 + δ

(′)
QC), with Ū (′)(t)

the SCA evolution operator corresponding to st
|x(t)(′), y(t)(′)〉 and 1+ δ

(′)
QC the evolution operator fo

the quantum corrections.
The first term on the rhs,〈x ′(t), y ′(t)|x(t), y(t)〉

contains the SCA and is given by

exp

[
−d(x(t) − x ′(t))

2
+ iΦ

(
x(t), x ′(t)

)]

× exp

[
−d(y(t) − y ′(t))

2
+ iΦ

(
y(t), y ′(t)

)]
,

where Φ is some phase which also depends
the classical trajectory and the corresponding gro
and functionsd can be determined by comparis
with (28). This matrix element is proportional to th
distance between the labels which, in the pres
case, corresponds precisely to the classical traje
ries. Since the exact evolution preserves overlap, th
sum of this term with the other three ofEq. (29), which
contain the quantum corrections, should be conse
in time. Observe that the rate of change of this ove
can have two distinct origins, dephasing and/or cha
in magnitude. Both changes should be compens
by quantum corrections, but only the later one c
be unambiguously connected to classical chaos, s
if the system is classically chaotic this distance w
exponentially grow and, as a consequence, the o
lap involving only the SCA will decrease according
This is a quantum counterpart of the fact that cla
cally chaotic systems exhibit high sensitivity to in
tial conditions. The corresponding quantum syst
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will exhibit a high sensitivity to the initial state i
what concerns the production rate of nonunitary qu
tum corrections to the magnitude of the overlap. Ho
ever, other observables will have different, indep
dent, time scales, sometimes much shorter, as,
example, that for the entanglement process. Co
quently, entanglement is not always a good meas
of classical chaotic behavior.

In order to characterize the degree of entanglem
we will calculate the idempotency defect (or linea
entropy)δ(t) = 1 − Tr A(ρA(t))2, where the reduce
densityρA(t) is given byρA(t) = TrB |ψ(t)〉〈ψ(t)|.
Using the expansion(24) up to second order, writing
|I 〉 = |IA〉 ⊗ |IB〉, and calculating the idempotenc
defect in the SCAIP we obtain to second order

(30)δ(t) = 4 Re

t∫
0

dt1

t1∫
0

dt2 c∗(t1)c(t2).

It should be emphasized that the time scale
nonunitary quantum corrections to the overlap
the one which is essentially linked to the Lyapun
exponents. Should the exponential separation o
at early times, a significant increase in linear entrop
will be noticed. In case the two time scales are v
different, this effect, although present, will be rende
less conspicuous by the time development of quan
correlations stemming from the other sources. T
will become clear in the example below.

5. Application to the classically chaotic maser
model

The classically chaotic maser Hamiltonian

H = εJ z + ωa†a + G√
J

(
a†J− + aJ+

)

+ G′
√

J

(
a†J+ + aJ−

)
belongs to the class of bilinear Hamiltonian(18).
We assume that the field (the atom) correspond
the degree of freedom A (B). Field coherent sta
are characterized byx(t) while spin coherent state
by y(t). The SCH is of form (20) with A−(+) =
a(†), A0 = a†a, B± = J±, B0 = J z, and

∂K
∂z∗ = −i2

√
J

Gy + G′y∗

1+ y∗y
,

∂K
∂z

=
(

∂K
∂z∗

)∗
∂K

∂|z|2 = ω,

∂K
∂J+

= −i
Gx + G′x∗

√
J

,

∂K
∂J−

=
(

∂K
∂J+

)∗
∂K
∂Jz

= ε.

As explained in the preceding sections this Ham
tonian induces a classical-like dynamics. The non
earity of these equations arise from the self con
tency of SCA. If the labels are scaled asx = √

4JX for
the field,y = Y for the atom, and time ast = tc/(4J ),
then the equations forX(tc) andY (tc) will become in-
dependent ofJ and correspond to the classical limit
Heisenberg’s equations of motion.

For this model the perturbation�(t) in the SCAIP
is given by

�(t) = 1√
J

(
a(t) − x(t)

)(
GJ+(t) + G′J−(t)

− 2J (Gy∗(t) + G′y(t))

1+ |y|2(t)
)

+ h.c.,

where the time dependence of the operators is the
acquired in the semiclassical evolution. Employing
expansion(24) to first order, it is a simple matter t
give an analytic expression forc(t), the key ingredien
for evaluation of both the first order correction for t
state,Eqs. (25) and (26), and the idempotency defec
Eq. (30). We have

(31)c(t) =
√

2ei(S00−S11)(t)

1+ |y(t)|2
(
G′ − Gy2(t)

)
,

whereS00 (S11) is the generalized action for the c
herent state with fiducial state|n = 0〉⊗ |J,−J 〉 (|n =
1〉 ⊗ |J,−J + 1〉). In this case the doorway state|D〉
is given by|D〉 = |x1, y1〉.

The time development, in the SCA, of the mag
tude of the overlap between (a) two product coh
ent states initially centered in the classically chao
phase space region and (b) two product coherent s
initially centered in the regular region are shown
Fig. 1. It illustrates the dramatic effect of the cla
sically chaotic motion on quantum corrections to
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Fig. 1. Squared modulus of the overlap between two neigh
ing states|〈x1(t), y1(t)|x2(t), y2(t)〉|2 in the SCA for mean energ
E = 8.5, J = 9/2 in a resonant (ε = 1 = ω) nonintegrable case
with G = 0.5, G′ = 0.2 for conditions in the chaotic region (con
tinuous line) and regular region (dashed line). Fig. 1 of Ref.[7]
portrays the corresponding Poincaré section for the spin degre
freedom (notice that a different parametrization has been us
Chaotic initial conditions(x1, y1) = (5.7263433,−0.24253563),
(x2, y2) = (5.7778567,−0.26845243). Regular initial condi-
tions (x1, y1) = (3.615516,0.53452248), (x2, y2) = (3.68977334,
0.50086791).

overlap. In fact, any substantial drops of the ov
lap are matched by corresponding divergences of
classical trajectories. Therefore the magnitude of
SCA overlap is mainly controlled by classical dyna
ics. Of course, this needs not hold for other qu
tum observables. Entanglement, for example, i
quantum property with a smaller time scale. The
pected increases in this quantity at the times w
the magnitude of the overlap diminishes are in f
rendered invisible due to previous near saturation
our measure of the entanglement by interaction
fects having negligible impact on this quantity (s
Ref. [7]).

6. Conclusions and remarks

We have found asemiclassical approximation for
arbitrary systems composed of point particles and
gular momenta, with Hamiltonian which admit a Ta
lor expansion in the semiclassical generators for
harmonic oscillator and the rotating molecule, for i
tial coherent states, which satisfy the following r
quirements: labels with classical physical meani
no superposition principle, minimum quantum nonlo
cality effects, and (quantum) semiclassical dynam
which coincide with the Hamiltonian equations for l
bels. The coincidence between semiclassical and c
sical dynamics allows for an extension of the conc
of divergence of classical trajectories to the quant
realm, using the overlap between initial states cente
on neighboring points of the phase space. Of cours
the possibility of mimicking the classical sensitivi
to initial conditions rests on the nonlinear characte
the semiclassical Hamiltonian, which is a function
the quantum state.

This approximation allows for a perturbative e
pansion around it, which can be written in terms
classical ingredients: trajectories and (generalized) a
tions. Since the state properties and the averages p
erties of the semiclassical generators can be in
pendently addressed, this formalism can be use
show that the characteristic times for the appearanc
of quantum effects for the state and for the avera
are completely different[9].
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