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Abstract

Given a quantum Hamiltonian of point particles and angular momenta, we give a procedure to define a corresponding semi-
classical dynamics with essentially classical content, around which the quantum dynamics can be expanded. The modulus of
the quantum overlap of coherent states, evolved with the semiclassical Hamiltonian, naturally introduces a classical distance be-
tween classical phase points. Using this fact we analytically show that the time rate of change (trc) of two neighboring classical
trajectories is directly propodnal to the trc of quantum correlations. Coherefass and nonlocality effects appear as correc-
tions to semiclassical dynamics and we show that they can be perturbatively given in terms of classical trajectories and gener-
alized actions. We apply the results to the nonintegrable (classically chaotic) versiom\bftioen Jaynes—Cummings model.

0 2004 Elsevier B.V. All rights reserved.

PACS 05.45.Mt; 03.65.Sq; 03.65.Yz

Keywords: Classical limit; Quantum chaos

1. Introduction due to the profound contrasting differences between
the classical and quantum descriptions of the world.

Ever since the conception of quantum mechanics Although the difficulties in building a bridge between
the classical limit has been a matter of much debate quantum and classical mechanics are well known, we
start by reviewing the ones which are of relevance for

T comesbondi " the present contribution. As far as kinematical differ-
Ef’r:slszggr;:s?jg;‘aﬂgéuesc_br (0.G. Peixoto de Faris). ences are concerned, already at the level of a point
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CEP 45662-000, BA, Brazil. ition of the state of a classical particle is of local char-
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acter and given by a point in phase space, the quan-trinsically quantum test of the chaotic vs. regular na-
tum counterpart of the definition of a particle state is ture of the evolutior[6]. Several numerical tests of
given by a vector in Hilbert space which cannot simul- this conjecture can also be foufil8]. Anyway, an-
taneously be ascribed a well defined value for position alytic results in this context are scarce. As a contri-
and momentum. The closer one can get to the classi- bution of the present Letter to this theme, we give a
cal situation are minimum uncertainty wave packets. recipe to construct a semiclassical dynamics (SCD)
Quantum states are therefore usually nonlocal. Also, for systems composed of both point particle and an-
the linear character of theildert space has the im-  gular momenta, for initial coherent states, and show
mediate consequence that superposition of (minimum that the quantum corrections to the SCD are pertur-
uncertainty) states are also possible states and, in factbatively given in terms of the classical trajectories and
constitute the vast majority of allowed quantum states. generalized actions. Since the SCD depends on the ini-
The situation gets even cloudier when two degrees of tial state, the (semiclassical) overlap between initially
freedom are involved: classically one can always de- close coherent states, in contradistinction with the ex-
scribe a two particle state in terms of the coordinates act dynamics, varies in time. Thus, the high sensitivity
and momenta of each one of them. Quantum mechani-to the initial conditions of @ssically chaotic systems
cally, however, this situation only holds if the two par- is reflected in the change of the semiclassical overlap
ticles, initially in a factorized state, do notinteract. The modulus, a natural measure of distance between states,
Hilbert space structure allows for states which cannot and in the production rate of quantum corrections to
be written as a direct product of vectors in the indi- the overlap.
vidual Hilbert spaces of each degree of freedom. This  Our Letter is divided as follows. I8ections 2 and
essentially quantum property is usually named entan- 3 we present a procedure to find the semiclassical
glement. Much investigation and progress both on the Hamiltonian (SCH), and a perturbative scheme around
theoretical and experimental sides have been achievedt, respectively. InSection 4the overlap sensitivity to
recently[1]. initial conditions is discussed. Finally, Bection 5the
From the dynamical point of view one of the es- maser is used as an example.
sential differences has given rise to an important re-
search area nowadays: classical chaos, a phenomenon
whose root lies on the nonlinearity of Newton’s equa- 2. Zeroth order approximation: semiclassical
tion. The relevant question here is how to identify the approximation (SCA) and classical limit
quantum counterpart of classical chaos. A major step
in this direction was given by Bohigas and collabora- The general strategy is as follows. We consider
tors who conjectured that spectral properties of inte- a system ofm point particles and: angular mo-
grable and nonintegrable systems should be very dif- menta,H, and a product state composediofcoher-
ferent[2]. Thereafter many numerical investigations ent states and spin coherent states, as initial states.
confirmed such conjecture and a few exceptions were Linear combinations are not allowed as initial condi-
found. From the analytical point of view a most rel- tions (this circumvents problems with the superposi-
evant formula was derived by Gutzwiller connecting tion principle). The expectation value of the system
level densities of very general quantum systems with Hamiltonian in this product state corresponds to the
classical periodic orbits and their actiof3. In what classical Hamiltonian. Then, we define the SEH,
concerns the connections between classical and quansuch that (i) preserve the product of coherent states,
tum dynamics, quantum corrections, in the sense of and (ii) generate Heisenberg equations that are similar
ah expansion, have been studied for nonautonomousto the classical equations and, when averaged, coin-
single mode bosonic systerfd and for nonresonant  cide with them.
N-atom Jaynes—Cummings mod8]. The growth of The procedure to find the semiclassical dynamics,
the quantum corrections is identified with a transition that we expose here, is also viable for initial quantum
from “regular” to “stochastic” behavior in these sys- states that are localized, even if not strictly coherent.
tems. Also it has recently been proposed by Zurek that The semiclassical dynamics will not be, however, as
the rate of entropy production can be used as an in- easy as in the present case, and the corrections will
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look different. For initial delocalized and/or entangled and the state will no longer be coherent. We expose
state the present approach is unsuitable, because ibur method by considering a nonlinear Hamiltonian
is aimed at the identification of the separation of for a point particle, for an angular momentum, and
quantum and classical dynamics, provided that the for a system composed of two degrees of freedom,

initial state is to some extent “classical”. for example, one particle and one angular momentum.
For the sake of clearness we shortly review some The generalization to several degrees of freedom with
facts concerning coherent states. arbitrary nonlinearities is straightforward.
The minimum uncertainty coherent state$ are
defined by|z(¢)) = D(z(¢))|R) with 2.1. Nonlinear point particle Hamiltonian
D)) = exp[if;za“ — 2 (Da], ) The classical Hamiltoniafh(z, z*) corresponding
ex IZ(‘f)(")' (z()J+ — 250 J-)], to a quantum Hamiltonia#f,
for point particles and angular momenta (spins) re- H(z,z*) — (z|H(a,aT,aTa)|z>, (5)
spectively, where the operatar§ a are the usual cre- ) ) )
ation and destruction operators, ajid, J_ the angu- can be written as a function of the expectation val-

lar momentum ladder operators. The minimum uncer- Y€S i Z:' and |2I? of the semiclassical generators
tainty property of the so-called fiducial sta®), the ~ @ @' @ ainthe coherent state),

Fock statgQ) for the point particle and thg, eigen- . % 2

state|J, —J) for the ;)nguI:r momentum, is inherited H(Z’Z ) - ’C(Z’Z -1zl ) ©)
to the coherent states. The point particle and the angu-The classical Hamiltoniaft is unique if the quantum
lar momentum operators obey the following commu- Hamiltonian admit a Taylor expansion in the semiclas-
tation relations sical generators, as we implicitly assume. The usual
classical equation of motion

[a.a"]=1,  [J..J:l==%Jx,
dz 1 9H(z 2"

(J+. J-1=2J-. (2) )

dt ih azx
If the Hamiltonian is of the form in terms of the classical Hamiltonid, can be recast
Hyo(t) =ag(t)a'a +a(H)a’ +a_(1)a, k) @
* 2 * 2
Hrm(t) =ao)J; +ar(O)J+ +a-()J -, (4) dz _ 1 (0K 27 |29 + 0K(z. 2% [2I) (8)
dt — ih dz* d|z|2

respectively, for a point particle, and an angular
momentum, an initial coherent state remains coherentin terms of the HamiltoniankC. We stress that the
through evolution, besides a phase factor. (B) classical and the quantum evolution give different
and (4) the subindices HO and RM correspond to values for the observables in the sense that
typical representatives: the harmonic oscillator and
r)gt)ating rrrl)olecule. At this point it is important to Z(t)7é(2(o)|a(t)’Z(O)>' ©)
mention that the harmonic oscillator Hamiltonian can However, if we compare the classical dynamics with
be generalized with little effort, to include terms in the one provided by theemiclassical Hamiltonian
a®, (a")? but the extra terms give rise to nonlocality Hyo(t),
effects (squeezing dynamics) already at this lowest
. . . da

order which we would like to avoid. = __(a+(t) + ao(t)a), (10)

We say that a Hamiltonian is linear if it is linear in dt ih
the operators’a, a, a, J,, J_, and J., which we see that they have the same structure. Analogous
we call the semiclassical generators; otherwise we similarities can be found between the semiclassical
refer to it as a nonlinear Hamiltonian. Even if we equations fora, a'a and the classical equations
choose a coherent state as initial condition, if the for z*, |z|2, respectively. Moreover, the averaged
Hamiltonian is nonlinear, the dynamics will modify it  semiclassical equations of motion coincide with the



132 K.M. Fonseca Romero et al. / Physics Letters A 327 (2004) 129-137

classical ones if the SCH is chosen as 2.3. Bilinear Hamiltonian
K K 8IC
Huo(r) = W”T" + az* a'+—— az (11) In this subsection we restrict ourselves to the study
of the Hermitian bilinear Hamiltonian (for two degrees
2.2. Nonlinear angular momentum Hamiltonian of freedom)
As in the previous subsection, the classical Hamil- H= ZO‘IA + 2513 + Z% jAiBj, (18)
tonianH(z, z*) is the expectation value of the quan- i J hi
tum HamiltonianH, in the correspondingpin coher- wherei, j =0,+, A; and B; are the semiclassical
ent states, and can be written in terms of the expecta-generators of either the harmonlc oscillator or the ro-
tion values of the semiclassical generators, tating molecule: the index O is associated with the
e operatorata (J.), the index+ with the operator
(T —lz) = ZJTIIZ =J-4)> a' (J;) and the index- with the operatom (J_).
ZZ This class of systems encompasses a rich variety of
(el J2]2) = 1—Jz| _ 7. (12) dynamical behavior ranging from the exactly solvable
1472 case of two linearly coupled harmonic oscillators to,
The classical equation of motion for e.g., the model we shall use for illustration which clas-
5 . sical limit is chaotic. In this case, the classical Hamil-
dz _ 1 1+4z" 9H(z, 2 ), (13) tonian (x, x*, y, y*) is the expectation value of the
dt inh 2] 9z quantum Hamiltoniarf, in the product of coherent

and the equation for*, can be used to find the states|x), |y) for the first and the second degrees of
dynamics for J_y and J;. As before, we can freedom, respectively. It can be written in terms of the
define a HamiltonialC(J-, J+, J;) = H(z,z*). The expectation values of the semiclassical generators, as
equation of motion for7;, which can finally be written  KC(A;, B;). By comparing the classical and semiclas-

as sical dynamics, as in the previous subsections, we end
dJ, 1 /09K up with the SCHH ¢,
m ——(ﬁﬁ‘vj ) (1)
_ + _ _ Hsc=20!iAi+ZﬂjB
exhibits a structure similar to equation of motion for ; J

J ., provided by the SCHI R\ (1),

ir 1 +> vij(AiBj+ BjA), (19)
L= (a4 —a—()J-). (15) i
dt ih S . .
N . which s, as in the previous cases of the form
Analogous similarities can be found between the semi-
classical equations fof +, and the classical equations _ Z 3’C B (20)
for J.. Moreover, the averaged semiclassical equa— ')

tions of motion coincide with the classical ones if the

SCH is chosen as In the partlcular case of two linearly coupled harmonic
9K 9K oscillators the SCD already provide for the exact
Hrm(t)=—J;+ — —J- 16 solution.
RM (1) 8@1"+8j1 ajJ (16)

This form is adequate for the point of view of the
structure. However, for the sole purpose of calculating 3. Quantum corrections
the SCH, it is easier to use the expression

14 22 ((87—[ IH )J The rest of this manuscript, in which we get 1,
Z

Hrw(r) = 7 3 *z*+a—z will be focused on bilinear Hamiltonian. For the
‘ ‘ application of the present formalism to point particle
_). (17) nonlinear Hamiltonian, see R4f)]. If we start with a

coherent statéx (0)) ® |y(0)), the SCD will yield at a
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later timer the state

lv (@) =exp(in®)|x®)) ® |y(@)),

where the coherent statés(¢)) and |y(z)) are the
same as in the classical case, and the phaseis
given by

(1) = {x@), yO | (i3, — Hse)) |x (1), y(1))-

This type of phase, which correspond to a (general-
ized) action, is of course absent from the classical
limit, but is crucial for the quantum corrections (see,
for example Egs. (26) and (31)

Now we turn to the corrections to the SCA. The
exact Schroédinger equation for the whole system (with
the tilde indicating the Schrédinger picture)

i[9 (0)) = (Hsdt) + A@D)) | (1)),

whereA(r) = H — Hsd(t), can be written in the SCA
interaction picture (SCAIP) as (the absence of the tilde
indicating the SCAIP)

10, [y (1) = Ay (1)
= i (Ai() — A1)
i (23)
x (Bj(t) — B;j(0)|¥ (1)),

up to time dependent terms that give rise to a global
phase. Here the operatads(r), B;(¢) have evolved
with the evolution operator/(r,0) of the SCA.
Eq. (23)possesses a formal expansion

(21)

(22)

t

W) = (1—i/dz1A,l

0
t 11

—fdm/drzA(mAuz)+---)|1>, (24)
0 0

where|I) is the initial statgx (0), y(0)).

Let us see that all the terms in this expansion
are readily written in terms of classical quantities.
For example, up to terms of ordex?, the state of
the system is a superposition of the initial state and
the state| D), which sometimes is called a doorway
state[10],

[¥ (1))~ 1) = iC(1)|D), (25)

133

whereC(t) is a function to be defined below. In the
present case the doorway state,

|D) = N(1- |x(0))(x(0)])

® (1-[yO)y©O)|) H|x©0)® |y(0),

with N a normalization factor, is product of gener-
alized coherent states given by the action of the co-
herent displacement operator on new reference states:
the Fock state witlhh = 1, in the case of point parti-
cles, and the statg/, —J + 1) in the case of angu-
lar momenta. We introduce the notatipn) for these
states, andx»), |x3), ... for the coherent states cor-
responding to the references states Fock state?,
n = 3,... or angular momentum along thgaxis
—J+2,—-J+43,....

The doorway amplitude iny (z)) (Eq. (25) is
given by

t

C = / dtc(ty)
0

t
_ f diy ¢ 500—S1)(1.0
0
X Z)/i,jgﬁr (X(ll))g?Jr(y(tl)),

iJ

(26)

where o = \/(Ra|A_A4|Ra)(Reg|B_B|Rg), and
|Ra) (|RB)) is the reference state of the degree of
freedom A (B). It is evident thatC(¢) is a func-
tion of classical trajectories only. The correspond-
ing actions areSoo(t, 0) = fodz n(r) and Sy1(r) =
Jodt (x1(0), y1(0)1(9; — Hs(0)|x1(2), y1(7)). Ob-
serve that the subindices of the actions are related to
the reference states of the degrees of freedom A and B.
From the expression of the first correction to the
state, we immediately seat it already introduces
all of the effects we avoided at the semiclassical level:
superposition of states, nonlocality and entanglement.
In order to get the first order result we made
use of the following identity which relays on the
group structure of the semiclassical generators of the
harmonic oscillator and the rotating molecule. In fact,
it is this relation which enables one to express all
order corrections in terms of classical trajectories and
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generalized coherent states time dependent states, which evolved from different
initial conditions. It is well known that for unitary evo-
A;D(x) :D(x)(z g,Ak(x)Ak +kﬁ(x)), (27) lutions the scalar product is conserved in time. Ob-
e serve that different initial states correspondittier-

ent SCAs, since the SCA is state dependent, due to
self consistency. Thus the scalar product between two
different initial states is to be written as

whereg; r(x) are functions ofx specific to each one
of the groups in question. Similar relations hold for
the degree of freedom B. It is clear that the remaining
corrections can also be written in terms of classical (x/(O), y/(0)|x(0)7 y(O))
trajectories (and actions), but their quantum content

will not be as transparent as in the leading correction. = ('@, y' Ol @), y@)

In fact, the second correction can be written as having +(x' (@0, y' @) (%C(,))T’x(,), y(®)

a term proportional to the initial coherent state, but , ,

also terms proportional to generalized coherent states + (X0, y'(0]8ac®|x (1), y(©))

X0, ¥1), 1x1, y0), and |x2, y2), and their respective +<x’(t),y’([)’(660(1))T8Qc(t)|x(t),y(t)), (29)

classical actions. } )
where we have writtei/ (¢), the exact quantum time

evolution operator a&/ ") (r)(1 + 68’0), with U (r)
4. Sensitivity toinitial conditions: a formal the SCA evolution operator corresponding to state
nonperturbative result Ix)?, y()) and 1+ 58(: the evolution operator for
the quantum corrections.
Classically one of the basic ingredients to define  The first term on the rhs(x'(1), y'(£)[x(2), y(1))
chaos is the high sensitivity to initial conditions. containsthe SCA and is given by
A formalization of this condition is heavily based d /

. . . . (x() —x'(1))
on the notion of distance between trajectories. In exp[—i
establishing a quantum counterpart of this condition 2
it is important to introduce a quantum measure of exp[_d(y(t) — (1))
distance between states. A natural measure is given 2

by the square modulus of the scalar produdn where @ is some phase which also depends on

Whellt concdernsbour SCA&.;fhe squared me (r:i]ulus Offﬂ;g the classical trajectory and the corresponding group,
scalar product between different states of the manifold , 4 ¢,nctionsd can be determined by comparison

allows fqr a Q|rect association of the distance b_etwee_n with (28). This matrix element is proportional to the
states with distances between phase space trajectorieSyictance between the labels which. in the present

. 2 . .
sincel(z1z2)|” is given by case, corresponds precisely to the classical trajecto-

+i®(x(1), x/(t))j|

Lio(y0), y/m)],

exp(—lz1 — 2212 for point particles ries. Since the exact evdlan preserves overlap, the
) 27 sum of this term with the other threeB§. (29) which
(1 - %) for angular momenta. contain the quantum corrections, should be conserved
(A+]z119) (A+]z21%) . .
in time. Observe that the rate of change of this overlap
(28) can have two distinct origins, dephasing and/or change

The important quantum tool which allows us to inves- in magnitude. Both changes should be compensated
tigate the sensitivity to initial conditions of the quan- by quantum corrections, but only the later one can
tum dynamics and eventually make connection to the be unambiguously connected to classical chaos, since,
well-known classical limit is the overlap between two if the system is classically chaotic this distance will
exponentially grow and, as a consequence, the over-

S lap involving only the SCA will decrease accordingly.

Some proposals have been made related to scalar IDrOdUCtThis is a quantum counterpart of the fact that classi-
of wavefunction evolved from different Hamiltonian (not different

wavefunctions). See A. Peres, Phys. Rev. A 30 (1984) 1610; ‘-?a”y chagtic systems exhibit high sensitivity to ini-
R.A. Jalabert, H.M. Patawski, Phys. Rev. Lett. 86 (2001) 2490. tial conditions. The corresponding quantum system
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will exhibit a high sensitivity to the initial state in a™, Ag=a'a, B =J+, Bo=J., and
what concerns the production rate of nonunitary quan-

tum corrections to the magnitude of the overlap. How- % = _izﬁw,
ever, other observables will have different, indepen- 92" 1+y*y
dent, time scales, sometimes much shorter, as, for 0K (9K \* €
example, that for the entanglement process. Conse- 97 (ﬁ) PIEC
quently, entanglement is not always a good measure 4y Gx + G'x*
of classical chaotic behavior. 07 =— N

In order to characterize the degree of entanglement * "

we will calculate the idemotency defect (or linear K _ (%)*% —c

entropy)s(r) = 1 — Tra(pa(r))2, where the reduced 37— 0J+) 0T,

density pa (1) is given by pa(1) = Trg [y (1)) (¥ (1)]. As explained in the preceding sections this Hamil-
Using the expansio(24) up to second order, writing  tonjan induces a classical-like dynamics. The nonlin-
1) = |In) ® |Ig), and calculating the idempotency  earity of these equations arise from the self consis-
defect in the SCAIP we obtain to second order tency of SCA. If the labels are scaledas: +/4J X for

. " the field,y = Y for the atom, and time as=1t./(4J),

then the equations fo¥ (r.) andY (z.) will become in-
5(t) = 4Re/ dt1/dtz c*(r)e(r2). (30) dependent of and correspond to the classical limit of
0 0 Heisenberg’s equations of motion.
. . For this model the perturbatiof(r) in the SCAIP
It should be emphasized that the time scale for is given by

nonunitary quantum corrections to the overlap is
the one which is essentially linked to the Lyapunov 1 ,
exponents. Should the exponential separation occur 2 = Tj(a(t) _x(t))<GJ+(t) +GJ-0

at_ early tirr_]es, a significanni:reasg in linear entropy 2J(Gy*(t) + G'y (1))
will be noticed. In case the two time scales are very - 1+ 1y120) ) +h.c,
different, this effect, although present, will be rendered
less conspicuous by the time development of quantum Where the time dependence of the operators is the one
correlations stemming from the other sources. This acquired in the semiclassical evolution. Employing the
will become clear in the example below. expansion(24) to first order, it is a simple matter to
give an analytic expression fo(z), the key ingredient

for evaluation of both the first order correction for the
state,Eqgs. (25) and (26)and the idempotency defect,

5. Application to the classically chaotic maser Eq. (30) We have

model
A/ 2¢! (S00=S10) (1) , )
The classically chaotic maser Hamiltonian = W(G —Gy'm). (31)
G where Sgp (S11) is the generalized action for the co-
H=cJ.+wa'a+ _(aij +aly) herent state with fiducial state = 0) ® | J, —J) (|Jn =
VI 1) ® |J, —J + 1)). In this case the doorway statb)
G | 4 is given by| D) = |x1, y1).
+ ﬁ(” J++al-) The time development, in the SCA, of the magni-
tude of the overlap between (a) two product coher-
belongs to the class of bilinear Hamiltonigh8). ent states initially centered in the classically chaotic

We assume that the field (the atom) corresponds to phase space region and (b) two product coherent states
the degree of freedom A (B). Field coherent states initially centered in the regular region are shown in
are characterized by(r) while spin coherent states Fig. 1 It illustrates the dramatic effect of the clas-
by y(r). The SCH is of form 20) with A_) = sically chaotic motion on quantum corrections to the
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cality effects, and (quantum) semiclassical dynamics
which coincide with the Hamiltonian equations for la-
bels. The coincidence between semiclassical and clas-
sical dynamics allows for an extension of the concept
of divergence of classical trajectories to the quantum
realm, using the overlap between initial states centered
on neighboring points ote phase space. Of course,
the possibility of mimicking the classical sensitivity
to initial conditions rests on the nonlinear character of
0 ‘ . . . the semiclassical Hamiltonian, which is a function of
0 5 10 . h}s 20 25 30 the quantum state.
(h2re) This approximation allows for a perturbative ex-
Fig. 1. Squared modulus of the overlap between two neighbor- Pansion around it, which can be written in terms of
ing states (x1 (1), y1(1)|x2(1), y2(1))|? in the SCA for mean energy  classical ingredients: trajemies and (generalized) ac-
E =85, J=09/2in aresonantq= 1= w) nonintegrable case  tions. Since the state properties and the averages prop-
‘t’ivr'ﬁog:m?g aGn;:reo'a;?rrzohd't'o;S Ir? :jhf. Chao;'.c rig'c}” (con- erties of the semiclassical generators can be inde-
9 gion (dashed line). Fig. 1 of fef. pendently addressed, this formalism can be used to

portrays the corresponding Poincaré section for the spin degree of Lo
freedom (notice that a different parametrization has been used). ShOW that the charactefis times for the appearance

2

|Overlapl
o
(6}

Chaotic initial conditions(x1, y1) = (5.7263433—0.24253563, of quantum effects for the state and for the averages
(x2,y2) = (5.7778567—-0.26845243. Regular initial condi- are Comp|ete|y d|fferer{9]

tions (x1, y1) = (3.6155160.53452248, (x», y2) = (3.68977334

0.50086791.
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