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Decoherence of mesoscopic states of cavity fields
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We show that two-atom correlation measurements of the type involved in a recent experimental study of the
evolution of a mesoscopic superposition state prepared in a definite mode of a high-Q cavity can be used to
determine the eigenvalues of the reduced density matrix of the field, provided the assumed dynamical condi-
tions are actually fulfilled to experimental accuracy. These conditions involve~i! a purely dispersive coupling
of the field to the Rydberg atoms used to manipulate and to monitor the cavity field, and~ii ! the effective
absence of correlations in the ground state of the system consisting of the cavity coupled to the ‘‘reservoir’’
which accounts for the decoherence and damping processes. A microscopic calculation at zero temperature is
performed and compared to master equation results.@S1050-2947~98!08309-7#

PACS number~s!: 32.80.2t, 03.65.2w, 42.50.2p
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The conception of an experimental setup to produc
superposition of mesoscopic quantum states and to obs
its subsequent decoherence@1# in microwave cavities has
been preceded by a series of meticulous experimental
theoretical studies@2–5#. Several schemes have been p
posed, based on two-atom correlation measurements inv
ing circular Rydberg atoms, and the actual implementation
one such scheme has been recently reported@6#. It can be
broadly pictured as involving two successive stages, wh
consist, respectively, in the preparation of the desired su
position state and in the subsequent monitoring of its ti
evolution under the influence of the unavoidable loss p
cesses present in the cavity. As the last step in the prep
tion stage, what is now often referred to as the ‘‘reduct
postulate’’ @7# is used instrumentally in an essential way
select the desired state of the field~see below!. The subse-
quent stage, however, involves just strictly causal quan
evolution laws, and is therefore, in principle, amenable t
complete theoretical description, including the cohere
loss of the prepared superposition state@2,5#. In particular, as
it is appropriate for bona fide physical properties and p
cesses, the coherence loss should be characterized an
scribed in a basis independent fashion. We show in cont
ation that this can be done in a particularly simple way in
present case, given the specific properties of the prep
superposition state, and no more than ordinary assumpt
concerning the external couplings underlying the mechan
of coherence loss. More specifically, we show that, under
experimental conditions stated in@6#, two-atom correlations
of the type involved in the measurements reported there
be used in order to determine completely the eigenvalue
reduced density matrices which describe the possible q
tum states of the cavity field following the preparation sta
The time dependence of the observed two-atom correlat
subsequently to the preparation of the superposition s
constitutes therefore a measurement of intrinsic feature
the evolution of the field which bear directly on the cohe
ence loss process. Moreover, to the extent that this evolu
depends both on the nature of the initial state and on dyna
cal assumptions concerning the dissipative process, thro
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an analysis of the type proposed here such measurement
provide experimentalchecks on the actual outcome of th
preparation stage and on the adequacy of the assumed
pative dynamics, at no higher cost than a less inclus
analysis of the two-atom correlation data.

The experiment reported in@6# involves a high-Q cavity
C located between two low-Q cavities ~Ramsey zonesR1
andR2) fed with classical fields which steer the internal sta
of the crossing circular Rydberg atoms. The transition
tween two near atomic levels, usually denoted asue& andug&,
is resonant with the fields in cavitiesR1 andR2. Each atom
is initially prepared in the stateue&. After leavingR1 it is in
a superposition of the statesue& andug&. The fields inR1 and
in R2 ~and their relative phases! are chosen so that the
action on the atoms is given in both cases by the unit
transformationUR :

ue&→
1

A2
~ ue&1ug&), ug&→

1

A2
~2ue&1ug&).

The high-Q cavity C stores a coherent fieldua&. The cou-
pling between the atom and the field in this cavity is me
sured by the Rabi frequencyV. Two situations will be con-
sidered:~a! the frequencyv of a relevant mode ofC is
nearly resonant with the transition frequencyv ie connecting
ue& to a third stateu i & ~assumed for definiteness to lie abo
ue& in energy! and is far off resonance with any transition
involving level ug& @5#; and~b! v is nearly resonant with the
transition frequencyveg connectingue& to ug& @2,6#. In both
cases the detuningd is assumed large enough so that re
transitions are effectively hindered and the atom-field int
action leads essentially to 1/d dispersive frequency shifts. In
this way, the atom-field coupling during a timet produces an
atomic level dependent dephasing of the field and thus g
erates entangled states of the atom and field. This can
represented by the unitary operators

UC
~a!5e2 ifa†aue&^eu1ug&^gu @case~a!#,

~1!
UC

~b!5eif~a†a11!ue&^eu1e2 ifa†aug&^gu @case~b!#,
3205 © 1998 The American Physical Society
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with f(t)5V2t/d. In these expressions the operatorsa†, a
create and annihilate photons in the relevant mode ofC. The
effect of these operators on a coherent state of this ca
amounts thus simply to a change ofphasewhich depends on
the state of the intervening two-level atom, so that the res
ing state of the field can be expressed in terms of just
coherent states. It should be emphasized that this feature
pends crucially on the validity of the purely dispersive lim
mentioned above, which requires values ofV/d sufficiently
small to ensure the validity of the implied low-order pertu
bative treatment@8#.

This idealization of the involved dynamics allows one
describe the experiment in a symbolically compact for
When an atom is sent through the apparatus, the chang
the state of the combined system consisting of atom p
field is described byURUCUR , so that for a factorized initia
staterF

^ ue&^eu ~with rF5ua&^au) one has

URUCUR~rF
^ ue&^eu!UR

†UC
† UR

†

for the combined system. The field state resulting from
final observation of the atom in stateue& or ug& is obtained by
replacing the product of unitary operators, respectively,
the reduced operators

U
g
e[^g

euURUCURue& ~2!

~or their adjoints! with an appropriate trace normalizatio
factor. This is what we referred to as the preparation stag
the experiment. The instrumental role attributed to the ‘‘
duction postulate’’ in this stage appears explicitly in this la
step. One gets, for the two cases considered,

U
g
e
~a!

5
1

2
@e2 ifa†a71#

and

U
g
e
~b!

5
1

2
@eif~a†a11!7e2 ifa†a#. ~3!

The indicese,g and the double signs refer, respectively,
the final observation of the atom in statesue& and ug&.

We now turn to the second stage of the two-atom co
lation measurement. The second atom is sent through
system following the detection of the first. The passage
this second atom through the apparatus and its detection
be described using the same formal tools adopted for the
atom. Let r

g
e
F

be the trace-normalized reduced densit

which describe the state of the field inC after the detection
of the first atom ine or g. The conditional probabilities for
the various possible results obtained in the final meas
ment of the state of the second atom, for given outcome
the measurement of the final state of the first atom, are,
spectively, given by

Pee5Tr@U e
†Uere

F#, Pge5Tr@U e
†Uerg

F#,
~4!

Peg5Tr@U g
†Ugre

F#, Pgg5Tr@U g
†Ugrg

F#.

Note that in, e.g.,Pge the first atom is detected in stateg and
the second in statee. Because of the assumed normalizati
ity
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one hasPee1Peg515Pge1Pgg , and the correlation signa
measured in Ref.@6# can be written simply as

h5Pee2Pge5Tr@U e
†Ue~re

F2rg
F!#. ~5!

The reduced densities appearing here refer to the state o
field in C at the time of the passage of the second at
through the apparatus. On the one hand, these expres
connect the two-atom correlation data directly with theore
cal models for the fully causal time evolution ofr

g
e
F

during

the time lapse between the passage of the two atoms.
involves in fact the only truly ‘‘complex’’ aspect of the dy
namics, which is responsible for the dissipative evolution
the field state inC. Since moreover one can always expre
the reduced densities in terms of their~time dependent!
eigenvectors and eigenvalues, Eqs.~4! and ~5! also show
directly that measured values of the various conditio
probabilities and ofh can be expressed in terms of the
same ingredients. As shown below, the eigenvalues ar
fact determinedby Pee andPge , providedspecific but ordi-
nary assumptions concerning the dissipation mechanism
made. In this sense, they provide a basis independent c
acterization of the decoherence process much as quan
based on more general constructs which are nonlinearr
such as, e.g., the ‘‘idempotency defect’’ 12Tr r2 @9# or en-
tropylike functionals of the density@7#. The assumptions
concerning the damping mechanism will allow, in particul
for an exacttreatment, independently of the also customa
recourse to master equation approximations.

In order to model the dissipative effects inC during the
time between the passage of the two atoms, we introduc
usual a set of harmonic oscillators with frequenciesvk and
creation and annihilation operators written asbk

† andbk ~the
‘‘heat bath’’! coupled to the relevant mode of the cavi
through the bilinear expression

H int5(
k

\gk~a†bk1bk
†a!. ~6!

This differs from the also often used position-position co
pling by the omission of ‘‘antiresonant’’ terms involvin
products of two creation and of two annihilation operato
These terms are actually expected to contribute very little
the damping process in view of the smallness of the ra
gk /v in the present context. The resulting system of coup
oscillators has the well known properties that~i! its ground
state is the product of the ground states of the different
cillators ~no ground state correlations! and~ii ! an initial state
written as a product of coherent states, i.e.,

ut50&5ua&)
k

ubk& ~7!

retains this form at all times, the amplitudesa(t) andbk(t)
being solutions to the linear coupled equations
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i ȧ5(
k

gkbk ,

~8!

i ḃk5~vk2v!bk1gka,

with the given initial conditions, in an interaction pictur
where the time dependence associated with the consta
motion \v(a†a1(kbk

†bk) has been eliminated. This solu
tion is in fact the relevant one when we then take as ini
states the states generated by the action of the operator
tained in Eq.~3! on a coherent stateua& and a heat bath a
temperature zero. Since the state of the relevant mode ofC is
then the sum of two linearly independent~though, strictly
speaking, never orthogonal! coherent states, we see that w
will have at all times a sum of two terms, each being of t
type shown in Eq.~7!. Consequently, the reduced dens
describing the state of the field inC will have its trace ex-
hausted in a~time dependent! two-dimensional subspace o
the corresponding oscillator space@10#. This particular fea-
ture is in fact retained in the currently used master equa
description of the damping process~see, e.g.,@5#!, which,
however, gives quantitatively different results both at ve
short times~where it gives a linear rather than a quadra
time dependence for decoherence measures such as the
potency defect@9#! and for long times in the asymptoticall
damped region.

The computationally simplest case to consider cor
sponds to case~a! as defined above. We select furthermo
the valuef5p of the phase characterizing the superposit
state not only for convenience, but because of the sing
properties of this choice, to be discussed below. The ‘‘i
tial’’ state ~after the detection of the first atom! is then

ut50&5Na@ ua&7u2a&] ^ u0b&,

where u0b& stands for the ‘‘bath’’ ground state~zero tem-
perature!, the double sign corresponds to the detection of
first atom ine or g, andNa is the appropriate normalizatio
factor. The solution of Eqs.~8! then gives at timet

ut&5NaF ua~ t !&)
k

ubk~ t !&7u2a~ t !&)
k

u2bk~ t !&G .
It is then a simple matter to obtain theC-field reduced den-
sity at timet as

r
g
e
F
~ t !5Na

2$ua~ t !&^a~ t !u1u2a~ t !&^2a~ t !u

7Gb~ t !@ ua~ t !&^2a~ t !u1u2a~ t !&^a~ t !u#%, ~9!

where the real functionGb(t), which contains the decoher
ence effects of the bath oscillators, is given by

Gb~ t !5)
k

^2bk~ t !ubk~ t !&.

The nonvanishing eigenvaluesl6(t) of each of these two
matrices are
of

l
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l
1

~g
e
!
~ t !5

@11Ga~ t !#@17Gb~ t !#

2@16Ga~0!#
,

~10!

l
2

~g
e
!
~ t !5

@12Ga~ t !#@16Gb~ t !#

2@16Ga~0!#
,

whereGa(t)5^2a(t)ua(t)&, with associated eigenvectors

ul6~ t !&}ua~ t !&6u2a~ t !&.

The singular character of this special case derives from
fact that the operator exp(ifa†a)5exp(ipa†a) appearing in
U e

†Ue is simultaneously diagonal@with eigenvalues61 for
ul6(t)&# with the reduced densities. The correlation sign
h(t) measured in@6# then assumes the simple form

h~ t !5l2
~e!~ t !2l2

~g!~ t !.

To the extent that the overlapGa(0) is andGa(t) remains

negligible, it is clear from Eqs.~10! that l
2

(g
e)

'l
1

(e
g)

, so that
the above result reduces to

h~ t !'l1
~g!~ t !2l2

~g!~ t !5122l2
~g!~ t !

'l2
~e!~ t !2l1

~e!~ t !5122l1
~e!~ t !,

~11!

which, together with the trace normalization, is sufficient
determine the eigenvalues in this small overlap limit. O
sees moreover that, independently of the small overlap c
dition, the eigenvalues of the reduced densities are de
mined by the separately measured quantitiesPee andPge as
l2

(e)5Pee andl2
(g)5Pge .

Exactly the same analysis applies in this case whe
master equation approximation is used to describe the da
ing effects associated with Eqs.~8!, as done, e.g., in Ref.@5#.
In fact, the master equation can be solved in closed fo
giving for the reduced density an expression identical
form to Eq.~9! with

a~ t !→a~0!e2gt/2

and

Gb~ t !→e22ua~0!u2~12e2gt!,

whereg51/tc , the inverse of the damping time of the fie
intensity inC.

Case~b!, which corresponds to the conditions of the e
periment reported in@6#, can be handled in precisely th
same way as case~a!, since the state of the field prepared
C ~i.e., immediately after the detection of the first atom! is
still of the form of a superposition ofjust twocoherent states
namely,

ut50&5Naf@eifuaeif&1uae2 if&] ^ u0b&.

Expressions for the two nonvanishing eigenvalues and
the corresponding eigenvectors of the reduced densities
still be calculated in a straightforward way, in terms of t
appropriate solutions of Eqs.~8!, taking into account the
nonorthogonality of the coherent state representation thro
the appropriate overlap matrix. Since they are considera
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more cumbersome than in the previous case and will no
needed explicitly in the following development we do n
give them in full here.

Before turning to a discussion of the general case,
consider the simpler expressions appearing in the small o
lap limit ~i.e., z^a(t)eifua(t)e2 if& z!1 so that the overlap
matrix essentially reduces to the unit matrix!. Although the
operators involved inU e

†Ue are no longer simultaneously d
agonal with the reduced densities, one still gets for the c
relation signal a result similar to Eq.~11!, which can be
written as

h~ t !'cosS (
k

ubk~ t !u2sin 2f D ~l12l2!,

wherel6'l6
(g)'l7

(e) stand for the small overlap approx
mations to the eigenvalues of the reduced densities

l65
16uGb~ t,f!u

2
,

with

Gb~ t,f!5e22(kubk~ t !u2sin2feiu~ t !

and

u~ t !5(
k

ubk~ t !u2sin 2f.

In the last equationsa(t) andbk(t) stand for the solutions to
Eqs.~8! with initial conditionsa(0), bk(0)50. This makes
all the dependence onf explicit. The possibility to express
the small overlap approximation toh(t) in terms of reduced
density eigenvalues is due to the fact that in this limit the t
densitiesre

F and rg
F essentially commute and also have e

sentially the same eigenvalues, i.e.,

re
F'ul1&l1^l1u1ul2&l2^l2u,

rg
F'ul1&l2^l1u1ul2&l1^l2u,

with approximate eigenstates

ul6&}6ei ~u~ t !1f!ua~ t !eif&1ua~ t !e2 if&.

The correlation signal measured in@6#, Eq. ~5!, thus es-
sentially determines the eigenvalues of the reduced dens
re

F andrg
F in the small overlap limit. Essential for this resul

is the pairwise equality of the eigenvalues of the two ma
ces in this limit. We then finally consider the general ca
and show that, independently of the small overlap assu
tion, separate measurements ofPee andPge again determine
the eigenvalues of the trace-normalized matricesre

F andrg
F .

In fact, it is easy to show that these quantities provide
general independent linear combinations of the two nonv
ishing eigenvalues in each case, with coefficients which
e

e
r-

r-

o
-

ies

-
e
p-

n
n-
e-

pend on the dynamics of the atom-field interaction as
pressed by matrix elements of the reduced operatorsU

g
e, Eq.

~2!, in the reduced density eigenvectors. In order to see
explicitly, it suffices to write the reduced densities in diag
nal form as

r
g
e
F
5ul

1

~g
e
!
~ t !&l1

~g
e
!
~ t !^l1

~g
e
!
~ t !u1ul

2

~g
e
!
~ t !&l2

~g
e
!
~ t !^l2

~g
e
!
~ t !u,

~12!

which gives for the correlation functions

P
ge
ee5^l1

~g
e
!
~ t !uU e

†U eul1

~g
e
!
~ t !&l1

~g
e
!
~ t !

1^l2

~g
e
!
~ t !uU e

†U eul2

~g
e
!
~ t !&l2

~g
e
!
~ t !.

These general expressions hold of course also in case~a! as
discussed above, where forf5p one has

^l1

~g
e
!uU e

†Ueul1

~g
e
!
&50 and ^l2

~g
e
!uU e

†Ueul2

~g
e
!
&51.

As a result of the fact that the reduced densities are t
simultaneously diagonal with the reduced operatorsU

g
e, the

determination of the eigenvalues becomes in fact indep
dent of the structure of the~in this case, common! eigenvec-
tors.

We conclude from these results that the validity of t
purely dispersive coupling assumption of the two-level at
to the field in cavityC, which leads to the validity of Eqs
~1!, and the adequacy of a coupling of the form of Eq.~6! to
implement the dissipative dynamics allows for a direct e
perimental monitoring of the intrinsic decoherence proces
undergone by the field as a result of its coupling with t
‘‘heat bath.’’ This can be done simply through the separ
measurement of the conditional probabilitiesPee and Pge ,
since they fully determine the nonvanishingeigenvalues~in
this case only two, for all times after the preparation of t
superposition state! of each one of the reduced densitiesre

F

and rg
F . Under less stringent conditions, allowing for me

surable effects of higher-order corrections~in V/d) to Eqs.
~1!, one will generate field states, after the passage of the
atom, which cannot be reduced to superpositions of just
linearly independent states~see, e.g., Ref.@4#!, and will con-
sequently have reduced densities having a correspondi
higher number of nonvanishing eigenvalues. The represe
tion corresponding to Eq.~12! will then have more than jus
two terms so that thecompletedetermination of intrinsic
decoherence properties of the field will require fancier m
surements.
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