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Decoherence of mesoscopic states of cavity fields
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We show that two-atom correlation measurements of the type involved in a recent experimental study of the
evolution of a mesoscopic superposition state prepared in a definite mode of @ lugyity can be used to
determine the eigenvalues of the reduced density matrix of the field, provided the assumed dynamical condi-
tions are actually fulfilled to experimental accuracy. These conditions indheepurely dispersive coupling
of the field to the Rydberg atoms used to manipulate and to monitor the cavity fieldji atice effective
absence of correlations in the ground state of the system consisting of the cavity coupled to the “reservoir”
which accounts for the decoherence and damping processes. A microscopic calculation at zero temperature is
performed and compared to master equation re§Bts050-29478)08309-1

PACS numbds): 32.80—t, 03.65—w, 42.50—p

The conception of an experimental setup to produce an analysis of the type proposed here such measurements can
superposition of mesoscopic quantum states and to obserygovide experimentalchecks on the actual outcome of the
its subsequent decoherenfl in microwave cavities has Ppreparation stage and on the adequacy of the assumed dissi-
been preceded by a series of meticulous experimental arRative dynamics, at no higher cost than a less inclusive
theoretical studie§2—5]. Several schemes have been pro-analysis of the two-atom correlation data. _
posed, based on two-atom correlation measurements involy- The experiment reported {i6] involves a highQ cavity
ing circular Rydberg atoms, and the actual implementation of located between two oW cavities (Ramsey zone;
one such scheme has been recently repdi®édit can be andR,) fed with classical fields which steer the internal state
broadly pictured as involving two successive stages, whicl®f the crossing circular Rydberg atoms. The transition be-
consist, respectively, in the preparation of the desired supefween two near atomic levels, usually denotedieasand|g),
position state and in the subsequent monitoring of its timdS resonant with the fields in cavitié$; andR,. Each atom
evolution under the influence of the unavoidable loss prois initially prepared in the statee). After leavingR, it is in
cesses present in the cavity. As the last step in the prepara-superposition of the statgs) and|g). The fields inR; and
tion stage, what is now often referred to as the “reductionin R, (and their relative phaspsire chosen so that their
postulate”[7] is used instrumentally in an essential way to action on the atoms is given in both cases by the unitary
select the desired state of the fidkke below The subse- transformationUg:
guent stage, however, involves just strictly causal quantum
evolution laws, and is therefore, in principle, amenable to a
complete theoretical description, including the coherence
loss of the prepared superposition s{@&]. In particular, as
it is appropriate for bona fide physical properties and pro-The highQ cavity C stores a coherent fielgr). The cou-
cesses, the coherence loss should be characterized and 8809 between the atom and the field in this cavity is mea-
scribed in a basis independent fashion. We show in continusured by the Rabi frequendy. Two situations will be con-
ation that this can be done in a particularly simple way in thesidered:(a) the frequencyo of a relevant mode ofC is
present case, given the specific properties of the prepardtgarly resonant with the transition frequensy, connecting
superposition state, and no more than ordinary assumption§) to a third statei) (assumed for definiteness to lie above
concerning the external couplings underlying the mechanisrte) in energy and is far off resonance with any transitions
of coherence loss. More specifically, we show that, under thévolving level |g) [5]; and(b)  is nearly resonant with the
experimental conditions stated ], two-atom correlations transition frequencyv,4 connectinge) to |g) [2,6]. In both
of the type involved in the measurements reported there cagases the detuning is assumed large enough so that real
be used in order to determine completely the eigenvalues dfansitions are effectively hindered and the atom-field inter-
reduced density matrices which describe the possible quamction leads essentially to d Hispersive frequency shifts. In
tum states of the cavity field following the preparation stagethis way, the atom-field coupling during a tim@roduces an
The time dependence of the observed two-atom correlationatomic level dependent dephasing of the field and thus gen-
subsequently to the preparation of the superposition staterates entangled states of the atom and field. This can be
constitutes therefore a measurement of intrinsic features agepresented by the unitary operators
the evolution of the field which bear directly on the coher- @_ —iga'a
ence loss process. Moreover, to the extent that this evolution Uc =e ley(e[+[g)(gl [case(a)],
depends both on the nature of the initial state and on dynami- B _ ig@tat) _igata
cal assumptions concerning the dissipative process, through Uc =€ le)el+e lg)(g| [case(b)],

|e>~%<|e>+|g>>. |g>~%<—|e>+|g>>.
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with ¢(t)=02t/6. In these expressions the operatafsa  one hasP.+ Peg=1=Pget Pyg, and the correlation signal
create and annihilate photons in the relevant modé.dfhe  measured in Ref6] can be written simply as

effect of these operators on a coherent state of this cavity

amounts thus simply to a changepifasewhich depends on

the state of the intervening two-level atom, so that the result- 7=Pee— Pge=THUUpg— pg)]. )

ing state of the field can be expressed in terms of just two

coherent states. It should be emphasized that this feature de- » ]

pends crucially on the validity of the purely dispersive limit The reduced densities appearing here refer to the state of the

mentioned above, which requires values(dfs sufficienty ~ field in C at the time of the passage of the second atom
small to ensure the validity of the implied low-order pertur- through the apparatus. On the one hand, these expressions
bative treatmenis]. connect the two-atom correlation data directly with theoreti-

This idealization of the involved dynamics allows one to cal models for the fully causal time evolution pf during

describe the experiment in a symbolically compact form.ipe time lapse between the passage of the twg atoms. This
When an atom is sent through the apparatus, the change jfolves in fact the only truly “complex” aspect of the dy-
the state of the combined system consisting of atom plugamics, which is responsible for the dissipative evolution of
field is described by gRUcUg, so that for a factorized initial e field state irC. Since moreover one can always express
statep” @ |e)(e| (with p*=|a)(a|) one has the reduced densities in terms of thétime dependent
eigenvectors and eigenvalues, E@4). and (5) also show
UrUcUR(p @ |e)(e) URUCU di?ectly that measurged values o?ét)he vafriéus conditional

for the combined system. The field state resulting from thProbabilities and ofy can be expressed in terms of these
final observation of the atom in std& or |g) is obtained by same ingredients. As shown below, the eigenvalues are in

replacing the product of unitary operators, respectively, byf@ct determinedy Pee andPge, providedspecific but ordi-
the reduced operators nary assumptions concerning the dissipation mechanism are

made. In this sense, they provide a basis independent char-
ueE<S|URUCUR|e> 2) acterization of the decoherence process much as quantities
9 based on more general constructs which are nonlinear in

(or their adjoints with an appropriate trace normalization Such as, e.g., the “idempotency defectT'r p* [9] or en-
factor. This is what we referred to as the preparation stage dfopylike functionals of the density7]. The assumptions
the experiment. The instrumental role attributed to the “re-concerning the damping mechanism will allow, in particular,
duction postulate” in this stage appears explicitly in this lastfor an exacttreatment, independently of the also customary

step. One gets, for the two cases considered, recourse to master equation approximations.
In order to model the dissipative effects @Gduring the

time between the passage of the two atoms, we introduce as
usual a set of harmonic oscillators with frequenacigsand
creation and annihilation operators writtenbisand by (the

and “heat bath”) coupled to the relevant mode of the cavity
through the bilinear expression

1
U= [e 2]
;2

u(eb): %[ei ¢(aTa+1)Iefi¢aTa]. (3)
g

The indicese,g and the double signs refer, respectively, to Him=2k fiyd(@'by+bla). (6)
the final observation of the atom in stae$ and|g).
We now turn to the second stage of the two-atom corre-

lation measurement. The second atom is sent through thenis differs from the also often used position-position cou-
system following the detection of the first. The passage ofjing by the omission of “antiresonant” terms involving

this second atom through the apparatus and its detection cioducts of two creation and of two annihilation operators.
be described using the same formal tools adopted for the firsthese terms are actually expected to contribute very little to
atom. Let p. be the trace-normalized reduced densitiesthe damping process in view of the smallness of the ratio

which describe the state of the field @ after the detection «/@ in the present context. The resulting system of coupled

of the first atom ine or g. The conditional probabilities for ©Scillators has the well known properties tligtits ground

the various possible results obtained in the final measure3tt€ is the product of the ground states of the different os-
illators (no ground state correlationand(ii) an initial state

ment of the state of the second atom, for given outcome of"" X
the measurement of the final state of the first atom, are, réVftten as a product of coherent states, i.e.,
spectively, given by

Pee=TrUUpE],  Pye=THUUPE], t=0)=|a)]1 180 @
k

th, F tr, F “)
Peg=TrUglgpe],  Pgg=TrLUUypg].

Note that in, e.9.Pg. the first atom is detected in stageand  retains this form at all times, the amplitudest) and B(t)
the second in state Because of the assumed normalizationbeing solutions to the linear coupled equations
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2[1xT,(0)]

with the given initial conditions, in an interaction picture _ ; ; ;
. C ; wherel (1) =(— a(t)|a(t)), with associated eigenvectors
where the time dependence associated with the constant oth a0 =(=a(®]a(V) g

motion A w(a'a+ = ,bjb,) has been eliminated. This solu- INo(D)e|a(t)) =] —a(t)).

tion is in fact the relevant one when we then take as initial

states the states generated by the action of the operators obie singular character of this special case derives from the
tained in Eq.(3) on a coherent stater) and a heat bath at fact that the operator exipfa’a)=exp(ma'a) appearing in
temperature zero. Since the state of the relevant mo@eof ugue is simultaneously diagondivith eigenvaluest1 for
then the sum of two linearly independefthough, strictly |\ .(t))] with the reduced densities. The correlation signal
speaking, never orthogonatoherent states, we see that we 7(t) measured 6] then assumes the simple form

will have at all times a sum of two terms, each being of the

type shown in Eq.(7). Consequently, the reduced density (1) =NCt) -\ 9(t).

describing the state of the field i@ will have its trace ex- . )
hausted in dtime dependenttwo-dimensional subspace of TO the extent that the overlal3,(0) is anedl“a(t) remains
the corresponding oscillator spaf®0]. This particular fea- negligible, it is clear from Eqs(10) that)\(fl)w)\(g), so that
ture is in fact retained m_the currently used master equatioghe apove result reduces to

description of the damping procegsee, e.g.[5]), which,

howevgr, gives quanti_tatively_different results both at very (=Nt - AP (t)=1-229(1)

short times(where it gives a linear rather than a quadratic 1y
time dependence for decoherence measures such as the idem- ~\Ot) AP t)=1-27(1),

potency defecf9]) and for long times in the asymptotically

damped region. which, together with the trace normalization, is sufficient to

The Computationa“y Simp|est case to consider Corredetermine the eigenvalues in this small overlap limit. One
sponds to caséa) as defined above. We select furthermoreSees moreover that, independently of the small overlap con-
the Va|ue¢: m of the phase Characterizing the Superpositiondition, the eigenvalues of the reduced densities are deter-
state not only for convenience, but because of the singuldiined by the separately measured quantilgsand P as
properties of this choice, to be discussed below. The “ini-\®=Pg. and\'9=P,

tial” state (after the detection of the first atgris then Exactly the same analysis applies in this case when a
master equation approximation is used to describe the damp-
[t=0)=N,[|a)F|—a)]®|0y), ing effects associated with Eq8), as done, e.g., in Ref5].

In fact, the master equation can be solved in closed form

where|0,) stands for the “bath” ground stat&ero tem- giving for the reduced density an expression identical in

peraturg, the double sign corresponds to the detection of théOrm to Eq.(9) with
first atom ine or g, andN,, is the appropriate normalization a(t)— a(0)e~ "2
factor. The solution of Eqg8) then gives at time

and

[t)=N, |a(t)>1_k[ |,3k(t)>1|_a(t)>1_k[ | = Bk(D) |- Ty(t) e 2aPa-e

where y= 14, the inverse of the damping time of the field
intensity inC.

Case(b), which corresponds to the conditions of the ex-
F ) periment reported if6], can be handled in precisely the
pe(t)=N{a(t))(a(t)][+]|—a(t))(— a(t)] same way as cad@), since the state of the field prepared in

’ C (i.e., immediately after the detection of the first ajois
FryO[at))(—a®)|+|—a(t)){(a(®)]]}, (9)  still of the form of a superposition géist twocoherent states,

namely,

It is then a simple matter to obtain tiiefield reduced den-
sity at timet as

where the real functiod’y(t), which contains the decoher- il i g
ence effects of the bath oscillators, is given by [t=0)=N,4[€'’|ae'?) +|ae '?)]®|0p).

Expressions for the two nonvanishing eigenvalues and for
Fb(t):H (= Bu(D)| Bi(1)). the corresponding eigenvectors of the reduced densities can
k still be calculated in a straightforward way, in terms of the
appropriate solutions of Eq48), taking into account the
The nonvanishing eigenvalues. (t) of each of these two nonorthogonality of the coherent state representation through
matrices are the appropriate overlap matrix. Since they are considerably
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more cumbersome than in the previous case and will not bpend on the dynamics of the atom-field interaction as ex-
needed explicitly in the following development we do not pressed by matrix elements of the reduced operéater<q.

. . g
give them in full here. (2), in the reduced density eigenvectors. In order to see this

Before turning to a discussion of the general case, Weypjicitly, it suffices to write the reduced densities in diago-
consider the simpler expressions appearing in the small ovefg| form as

lap limit (i.e., |{ a(t)e'?|a(t)e”'?)|<1 so that the overlap
matrix essentially reduces to the unit matriAlthough the

F_iy (g (69] (@ (@ (@ ()
operators involved im;ue are no longer simultaneously di- Pg""f (OO O]+ O OME D],

agonal with the reduced densities, one still gets for the cor- (12)
relation signal a result similar to Eq11), which can be ) ) ) )
written as which gives for the correlation functions
26 Pee=(A P (0| LN PO D1
n(t)~cog 2, |B(DIsin 2| O\ =1, so= (N ZDUU AN F(OIA ]

09 1 09 (09}
FNT(D)|UULN T (T)IN9(T).
where . ~A =\ stand for the small overlap approxi- (A EOUUA2 DN 2D

mations to the eigenvalues of the reduced densities These general expressions hold of course also in @

1% |Ty(t, ¢)| discussed above, where fgr= 7 one has
= 2 ! e e e e
\9UlUND)=0 and (\'9fulun'T)=1.
with
224 As a result of the fact that the reduced densities are then
Tp(t, ) =e AT ol o01) simultaneously diagonal with the reduced operaldes the
and determination of the eigenvalues becomes in fact indepen-
dent of the structure of thén this case, commagreigenvec-
tors.
9(t)=; | Bi(t)|?sin 2. We conclude from these results that the validity of the

purely dispersive coupling assumption of the two-level atom

In the last equationa(t) andB(t) stand for the solutions to 0 the field in cavityC, which leads to the validity of Egs.
Egs.(8) with initial conditionsa(0), B(0)=0. This makes (1), andthe adequacy of a coupling of the form of @) to

all the dependence o explicit. The possibility to express implement the dissipative dynamics allows for a direct ex-
the small overlap approximation t(t) in terms of reduced perimental monitoring of the intrinsic decoherence processes
density eigenvalues is due to the fact that in this limit the twoundergone by the field as a result of its coupling with the

densitieSpZ and pF essentially commute and also have eS_“heat bath.” This can be done simply through the separate
sentially the samg eigenvalues, i.e. measurement of the conditional probabilitieg, and P,

since they fully determine the nonvanishiegenvaluegin

p§m|)\+>)\+<)\+|+|)\_>)\_<)\_|, this case only two, for all times after the preparation of the
superposition stajeof each one of the reduced densit}is
Pe=~IN ONCON [ FINOON (N, and pj . Under less stringent conditions, allowing for mea-
_ ) ) surable effects of higher-order correctiofis 2/ 5) to Egs.
with approximate eigenstates (1), one will generate field states, after the passage of the first

i i i atom, which cannot be reduced to superpositions of just two
N2)e e a(t)e ¢>+|“(t)e_l¢>' linearly independent statésee, e.g., RE(AS)), and will cJon-

The correlation signal measured [i6], Eq. (5), thus es- sgquently have reduced _de_nsitie.s having a correspondingly
sentially determines the eigenvalues of the reduced densitiédgher number of nonvanishing eigenvalues. The representa-
pg andpg in the small overlap limitEssential for this result tion corresponding to E¢12) will then have more than just

is the pairwise equality of the eigenvalues of the two matri-WO terms so that theompletedetermination of intrinsic
ces in this limit. We then finally consider the general Casedecoherence properties of the field will require fancier mea-
and show that, independently of the small overlap assumps_urements.

tion, separate measurementsRyf, and Py again determine K.M.F.R., M.C.N., and J.G.P.d.F. were partially sup-
the eigenvalues of the trace-normalized matr'p@smdpg. ported by the Conselho Nacional de Desenvolvimento
In fact, it is easy to show that these quantities provide inCientfico e Tecnolgico (CNPq, Brazil. A.N.S. was sup-
general independent linear combinations of the two nonvanported by the Fund@o de Amparo &esquisa do Estado de
ishing eigenvalues in each case, with coefficients which deSao Paulo(FAPESB, Brazil.
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