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We propose a simple model for a cavity in a 1D photonic band gap material. It is shown that the
exact dynamics contains three real functions of time, implicitly defined through an integrodifferen-
tial equation, all of them experimentally accessible. Several initial conditions are analyzed: (gener-
alized) coherent states at finite temperature and Schrddinger cat states at zero temperature. We
use the simplest energy momentum relation which allows for a band gap and show that the pertur-
bative solution of the integrodifferential equation presents non-Markovian features.

Recently great attention has been paid to the so-called photonic band gap (PBG) mate-
rials [1] and the consequent new electromagnetic effects and devices. Here we propose
a very simple model for an imperfect cavity (a Fabry-Pérot resonator) imbedded in a
PBG material. We solve the model and show that the modified dispersion relation for
light leads to non-Markovian effects. Moreover, we show that the necessary information
to obtain the dynamical state of the cavity field is encoded into three real functions of
time. These functions, which can be measured, are the average photon number and two
orthogonal quadratures. We assume the usual Hamiltonian for leaky cavities

H=ho(ala+1/2) + b Y ox(alay +1/2) + B'Y. gi(alay + ala), (1)
k k

where o is the frequency of the ideal cavity, wy are the frequencies of the PBG materi-
al, and a, a' and ay, a,T( are the respective annihilation and creation operators. We as-
sume that the gx coefficients are all equal. We trace the evolution equation for the
Wigner function (as in Refs. [2, 3]) and obtain the following equation for the reduced
density operator of the system [4]

do _ 1 t t_ gt t

i [A(w+0d)a'a, o]+ (A+¢€)(2a @ a' —a'a e —e a'a)p

+e(2a" @ a—aa' e —e aat)o=L(t)o(1), (2)

where the usual dot superoperator convention has been used. The usual Born-Markov
RWA master equation is of this form with constant coefficients [6]. The real functions
o(t), A(t), €(t) which appear in (2) can be determined as follows. The logarithm of the
solution of the integrodifferential equation

t .
a+iopa+ [dr Y gre D (1) =0, (3)
0 k
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subject to the initial condition a(0) =1, gives —iQ2 — A, with
t t
Q(t) = [de(w +0) (1), A(t) = [drA(7). 4)
0 0
Finding &(¢) is somewhat more cumbersome. After some algebra we arrive at

exp (=24(1))

e(t) = 5
¢ 2
2
g | e A0 T hfﬁk J dr exp (iwgr — iQ(1) — A(7))
exp <kBT> — 0

(5)

These results can be compared to those obtained in Ref. [5].
Some results can be obtained at once from (2): premultiplying by a and taking the
trace we get

d da

Sl =5 = (i@ +0) 1) a, (6)
which can be immediately solved to give
a(t) = exp (—iQ(t) — A1) a(0). (7)

Notice that this result is independent of &, i.e., it does not depend on the temperature.
Premultiplying (2) by a'a, and taking the trace we have the following differential equa-
tion:

% (a'a) (t) = —2A(a'a) (t) + 2, (8)

with the solution
(ala) (1) = exp (—2A(1)) {a'a) (0) + N (7) ,
N(t) =220 f dr &(7) €210
0

where it is evident that A/ (¢) vanishes in the limit of zero temperature.
We can use Lie algebraic methods [7] to find the evolution superoperator U. Let us

observe that the superoperators M, P, J, R, Z, given by
M=adae, P=edla, J=aea,
(10)
R=a'ea, and T=1e=16el

do form a Lie algebra under commutation. This fact can be exploited: it is well known
that in this case the evolution superoperator can be written as

Ut) = A(r) e“OR KO M (P 2() T (11

A somewhat lengthy but straightforward calculation leads to A(f) = (1+ N ()™,
u(t) = Aty N(t), x(t) = = In [L + N(0)] + A(¢) +iQ(t) = y*(1), z(t) = 1 — A(2).
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It is not difficult to prove that one of the characteristics of Eq. (2) is that if o(t)
solves it, then UtoU with U = exp (0a’ — 0*a) = D(0), the displacement operator, and

olt) = 0(0) exp (—iQ(1) ~ AW, *(1) = (o(1))*, (12)

is also a solution of (2).

We now turn to the evaluation of the density matrix evolved with the evolution
superoperator found above. We chose initial states that are relevant from the point of
view of quantum optics. We begin with the ground state, 0(0) = |0) (0]. We have
oS 1 N(@) " o
£ =U)10) (0] = = P . 13
o) =U)10) 0= ¥ s (7o) Il = S Pm .3

n=0

The above formula exemplifies what is called the decomposition in natural orbitals in
such a way that the quantities P, can be directly interpreted as probabilities [8].
For an initial Fock state we see that the density matrix for positive times is given by

Ut) lmy (m| = iPm,s(t) Is) (s] (14)

with

L etmAl) g mintms) (14 N(0)] 40 — 1)K 1 N K
Pin.s(1) TATNO)TT S & (m- k) s k) (1 +N(t)) '
(15)

The above density operator has also been expressed in terms of its natural orbits, there-
fore, the quantities P, ;(f) can be interpreted as probabilities. The transformation prop-
erty discussed above allows us to write the evolution of an initial generalized coherent
state |oom) = D(0p) |m). We have

U(t) |oom) (oom| = §:0Pmﬁx<r> () s) {0 (0) 8|, (16)

with P, (¢) as above, and o(t) given by (12).
At zero temperature things are simpler. For example, the evolution superoperator
now reads

Ut) = eMe? et | (17)
with
x(t) = —iQ(t) — A(r), y(t) = x*(¢), z(t) =1 —exp (—2A4(2)) . (18)

Applying this evolution operator (17) to an initial density matrix element |og) (0},
one obtains

= o)) (0 ()] (19)

The evolution of an initial even (g, .) or odd cat (g,,,) state can be calculated from
(19). Indeed,

Qoye(o) = Ne(o)(00) (|00), [ = 00)) ((_1)1 (_1)1> (<<GO )’ (20)

—0oo|
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where Ne(o)(00) = (1 + (=) (—00 | 00)) ' /2 is a normalization factor, evolves as follows:
UQ 4y e(0) = Ne(o) (00) (l01), | = 07))
1 (=) (=00 | 00)
| ) onton <o<r>1 [o(0) ( @») , (1)
(—o(t) [ a(r))

We can rewrite Eq. (21) in a more convenient way, in terms of natural orbitals, as

U(l) Qag e(o) — PEEE%(I) Qo(t)c(o) +ps£§;([) Qa(t) o(e) (22)
with

w114 (0) (o) o) (, . {~ov]oo)

«© ") =3 T 1) (oo [00) (1 ey o(r)>) ’ (23)

wor 11— () {—o o) (, (~ovlov)

Peto!) =3 T3(0) (o0 [ o0) (1 <o<r>|o<r>>)' 24)

Observe that an initial cat state evolves as a mixture of even and odd cat states.
Equation (23) gives the probability of the cat state of the same parity as the initial
state, and Eq. (24) the probability of the cat state of the other parity. This example
is both of theoretical and practical importance because this kind of states, which
probe the classical-quantum frontier, are currently being prepared in some labora-
tories [9].

We have seen that £ and /1 are all we need to characterize the effect of the bath on
the main oscillator. A measurement of the number of photons, whether using the tradi-
tional counting of photons or the recently proposed non-demolition measurement [10],
leads to the determination of the function A(f). The experimental set-up to measure
the Wigner function [11] can be used to determine experimentally both (¢) and Q(¢).
The subsequent observation of the mean energy and a fitting procedure lead to the last
unknown function &(¢).

We show next that when a cavity has been embedded into a PBG material then
there are non-Markovian effects, that is, the functions A, 6 and ¢ are not constants.
Thus, the usually employed Markovian approximation is no longer valid. We use the
simplest possible model for a PBG. We assume the following dispersion relation:

ck if k < ky s
w(k) =< ck if ko <k <kp, (25)
0 otherwise,

where ky is the value of the wave number for which the discontinuity occurs, kp is the
Debye wave number and ¢ < ¢, are constants. Notice that if ¢y =c; =¢, u= gsz /
(cko(kp — ko)) < 1 and kp < ko we have —iQ(t) — A(t) = u — g*nt/c — i(wy — log (kp/
ko — 1)) t. The constant term is known as the initial slip. This result corresponds to
the expected Markovian behavior. Now, if ¢, =¢, ¢q=(1—-x)c/(1—x), and
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ko = (1 +x) wo/c, in such a way that the middle of the band gap coincides with the
natural frequency of the cavity, and setting zwo = ckp — wo and 7 = wyt we obtain

A- @ (T <Si (er) L (L= SI@) 2 (xr))

e-Alr)

AMr)erm

1.0

1—x

~l—cos(zr) (1+x)(1—cos(r))

1—x

z 1—x

0 (r <—log (z) + Ci(z7) —

_ sin (z7)

(26)

2 —2cos (x1)
1—x ’

(14+x)Ci(r) +2x Ci (x7) — 2x log (x)

)

(1+x) sin (z) — 2 sin (xr))
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Fig. 1. Energy as function of time

Fig. 2. Energy derivative
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The notation Ci, Si corresponds to the integral cosine and sine functions. Figure 1
shows the behavior of the energy as a function of time. We have chosen g=0.1,
¢=0.5, z =100, x = 0.8. Observe the ripples in the graphic: they signal the non-Mar-
kovian behavior. This behavior can be traced back to the interference of the x-depen-
dent terms. In particular, it can be shown that there are two terms which produce an
attenuated beat for x close to one. In Fig. 2 we plot the energy derivative. Observe
that non-Markovian behavior can be inferred only for x = 0.8 and not for x =0.1.
The non-Markovian signal can also be wiped out for energy measurements with large
error.

In conclusion, we have shown that if the usual Hamiltonian for leaky cavities is ade-
quate for PBG environments, large photonic bandgaps around the cavity frequency
produce non-Markovian effects. In particular, the cavity energy, an experimental acces-
sible quantity, clearly displays these effects.
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